The task of testing whether quantum theory applies to all physical systems and all scales requires considering situations where a quantum probe interacts with another system that need not be fully quantum. Important examples include the cases where a quantum mass probes the gravitational field; or a quantum field, such as light, interacts with a macroscopic system, such as a biological molecule. In this context a class of experiments has recently been proposed, where the non-classicality of a physical system can be tested indirectly by detecting whether or not it is capable of entangling two quantum probes. Here we illustrate some of its subtleties and perform proof-of-principle experiments using a Nuclear Magnetic Resonance (NMR) quantum computational platform with four qubits.
The task of testing whether quantum theory applies to all physical systems and all scales requires considering situations where a quantum probe interacts with another system that need not be fully quantum. Important examples include the cases where a quantum mass probes the gravitational field; or a quantum field, such as light, interacts with a macroscopic system, such as a biological molecule. In this context a class of experiments has recently been proposed, where the non-classicality of a physical system can be tested indirectly by detecting whether or not it is capable of entangling two quantum probes. Here we illustrate some of its subtleties and perform proof-of-principle experiments using a Nuclear Magnetic Resonance (NMR) quantum computational platform with four qubits.
A recently proposed class of experiments has brought the possibility of testing quantum effects in gravity closer to current capabilities [1, 2] . The remarkable feature of these experiments is that they are based on a general argument, whereby if an intermediate system (which need not obey quantum theory) can mediate entanglement between two quantum systems, then it itself must be nonclassical. By a system being non-classical we mean, following [1] , that it has at least two non-commuting variables, that is it has variables with the property that they cannot be measured simultaneously to an arbitrarily high accuracy. This is a remarkably general argument, which can be applied to any mediator whatever its physical origin happens to be. It therefore generalises theoretical considerations [3, 4] , which date back to Feynman's and DeWitt's arguments for the quantisation of gravity, aiming at hybrid systems (those composed of a system that obeys quantum theory-the quantum probe-and another system whose dynamics and scale are not fully specified). This sets a novel paradigm which will be crucial for the exploration of tests beyond currently known dynamical laws, specifically to witness non-classicality.
In this paper we illustrate key features of this argument. We also propose an experimental simulation using four NMR qubits arranged in a linear chain. The local transfer of entanglement takes place from one end of the chain to the other, through a mediator which may or may not be fully quantum. In this simulation, the mediator is the third qubit in the chain, which can either be undisturbed or undergo dephasing, thus simulating the classical limit in which only one observable can be accessed. We show that mediated entanglement disappears in the presence of complete dephasing, which corresponds to the mediator behaving classically and not being able to utilise two non-commuting degrees of freedom.
Quantum gate model -The idea of the test of nonclassicality is simple. Consider three systems: two qubits, Q 1 and Q 2 ; and another system S, which is only assumed to have a classical observable T . This system can be the gravitational field, for instance. Suppose that they are all initialised in a state where they are not entangled and that interactions are allowed only between Q 1 and S; and Q 2 and S, but not between Q 1 and Q 2 . If at some point later in the evolution Q 1 and Q 2 become entangled, then one can infer that S must have at least another variable W that is complementary to T . Therefore T and W can be represented as two non-commuting degrees of freedom.
The formation of entanglement through noncommuting degrees of freedom of the mediator can be modelled in a number of equivalent ways using quantum theory. In [3] we proposed a Hamiltonian model in linear quantum field theory, applicable to either gravity or electromagnetism, where the system S is treated as a single harmonic oscillator; while Q 1 and Q 2 are two masses that can be put into spatial superpositions of two different locations.
Here we focus instead on two quantum network models. The first network is chosen so that the interaction between Q 1 and Q 2 is symmetric, mirroring the original quantum field theory Hamiltonian interaction.
To uncover the role of the non-commuting variable of S, it is illuminating to resort to the Heisenberg picture, [5] . The Heisenberg picture is not much used in quantum information, but we believe it is clearer than the Schrödinger picture in this case, when we need to track the information transfer residing in non-commuting observables. The two pictures are, of course, equivalent but the Heisenberg one is more direct for our purposes.
Consider a chain of four qubits, A, B, C, and D. Let X α (t) denote the x-component of qubit α at time t, and similarly for the y and z components. As usual we have Z α X α = iY α , Z 2 α = id and likewise for all the other components, while components of different qubits commute.
The state of each qubit α at time t is completely specified by the Heisenberg state ρ H , which never changes with the evolution, and by at least two components, e.g.
The state of the joint system is likewise reconstructed given all of the observables in the set {X α (t), Z α (t)}, because it is enough to track the evolution of {X α (t), Z α (t)} only.
Suppose one intends to entangle qubits A and D by local interactions only existing between qubits A and B, B and C, and C and D, while more distant pairs, such as A and D, are not allowed to interact directly. In this case, A and D correspond to Q 1 and Q 2 , while C and B represent the mediator S. The Hamiltonian of the qubits only contains nearest neighbour interactions on the chain, but does not couple qubits A and D directly. We choose a representation such that Z A = Z ⊗ id ⊗3 , where Z is a Pauli matrix, and so on. We choose the Heisenberg state to be ρ H = |0 0|, the +1 eigenstate of the operator
⊗4 . A symmetric way of performing the maximally entangling gate is represented by the circuit in Fig. 1 . First one applies a Bell gate between A and B, and between C and D; then one performs a controlled phase on qubits B and C; and finally one applies cnot gates between A and B, and C and D. The resulting evolution of the Heisenberg descriptors {X α (t), Z α (t)} at each of the four times indicated in the figure is shown in Table 1 .
From this table, one can compute the degree of entanglement between qubits A and D at time t 4 . The most straightforward measure to use is the sum of correlations in two complementary directions written as
which for the this network has a value of 2. This is effectively what is measured in the NMR simulation discussed below. Disentangled states cannot exceed the value of 1 as far as this observable is concerned (which therefore also makes it a useful entanglement witness in more general contexts, very closely related to Bell's inequalities). Note that by tracking the evolution of the descriptors in the table one can see that the descriptors of system D at time t 3 become dependent on the descriptors of A at time t 0 , and similarly for the descriptors of A at time t 3 . This is precisely the advantage one obtains from using the Heisenberg picture, because it makes the locality of interaction explicit. This entanglement between A and D is possible because at time t 1 and t 2 the non-commuting degrees of freedom of qubits B and C have acted as mediators. This
The quantum network for the simulation. The Z gates shown in grey are applied probabilistically to simulate decoherence, as described in the main text. The gates in each dashed box are repeated n times.
network exemplifies how the local transfer of entanglement happens necessarily through the quantum degrees of freedom of B and C. Decoherence-Consider now applying some decoherence on qubit C. For example, one can apply a phaseflip channel with intensity p at time t 2 , before the final CNOT gates. This will cause the following changes in the C descriptors:
The degree of non-commutativity of the generators of the algebra of qubit C at time t 2 is reduced by the factor (1 − 2p); and likewise for the degree of entanglement on qubits A and D at time t 3 . In the limiting case of p = 1/2, the entanglement vanishes and so does the degree of noncommutativity between the different components of qubit C. This is an illustration of the fact that the mediator must have at least two non-commuting observables to mediate entanglement between A and D.
One important difference between this model and the field-theory model, when the mediator is, for example, gravity, is that in the linearised Hamiltonian the interaction between the qubits is weak-it cannot be modelled as a Bell gate. But this is only a superficial difference and that interaction, despite its weakness, it still leads to maximal entanglement at the end, as explained in [1, 2] .
For the simulation with four qubits, we introduce an alternative asymmetric network, as shown in Fig. 2 . In this alternative network the qubits A, B and D are fully quantum, whereas the qubit C could become semiclassical by undergoing decoherence. The logic is to prepare a maximally entangled singlet pair on the qubits A and B and then transfer the entanglement to qubit D through a sequence of n partial swap gates, which can potentially be interrupted by decoherence on qubit C: such decoherence is easily simulated by applying Z gates probabilistically as indicated with p = 0 for the simple quantum case and p = 1/2 for the completely dephased classical case. In the presence of dephasing the transfer of entanglement does not happen, because, as explained above, the dephasing causes a progressive reduction of the non-classicality of the system C. Entangled states are not directly detectable in NMR. Here, however, we use an indirect witness, which corresponds effectively to measuring the observable in Eqn. (1) . Consider the initial entangled state of qubits A and B, and the effect of apply a Hadamard gate to qubit A before observing the NMR spectrum. This generates a pair of lines in the multiplet of qubit A, one with positive intensity and other with negative intensity, called an antiphase doublet. However it also generates another antiphase doublet in the multiplet of spin B, even though spin B was not directly excited. There are no signals in the multiplets corresponding to qubits C or D. In general, if we have an entangled singlet state between two qubits then applying a Hadamard gate to one of them generates antiphase doublets in both multiplets, so we can very easily follow the progress of the entangled state from AB to AD by applying a Hadamard to qubit A and observing the signal on spins B, C and D.
Experimental simulation-We illustrate the idea of the test with an experimental simulation in a nuclear magnetic resonance (NMR) spin system. Our experimental qubits are the four 13 C nuclei in fully labelled crotonic acid dissolved in deuterated acetone [6] at 300 K, as shown in Fig. 3 . Experiments were performed on a 600 MHz Varian Unity Inova spectrometer.
The 13 C NMR spectrum of the thermal equilibrium state with 1 H decoupling, shown at the bottom, shows that the four multiplets (one from each spin as indicated) are well separated and so can be individually addressed. A pseudopure initial state was prepared by spatial averaging following the methods in [7] [8] [9] . The signal intensity in the pseudopure state was enhanced using the nuclear Overhauser effect from 1 H nuclei to generate a non-thermal initial state with enhanced polarization [10] .
Gates were implemented using GRAPE pulses [11] which were designed to be robust to coupling between 13 C and 1 H nuclei, so that 1 H decoupling was only applied during acquisition. This allowed us to avoid the errors and signal losses arising from imperfect decoupling sequences which are usually applied during the GRAPE pulses, and are otherwise assumed to perfectly decouple the protons from carbons. Although preparing such a GRAPE pulse is computationally expensive, one can greatly speed it up by employing subsystem methods [12] with GRAWME [13] . The swap gates were implemented in eight stages using
and similarly for U CD . Multiple GRAPE pulses were designed for each gate, to reduce the linear build up of errors which occurs when the same erroneous gate is applied repeatedly [14] . To implement dephasing we designed two further gates, V BC = Z C U BC and V CD = Z C U CD , and used a randomly chosen sequence of U and V gates, containing four of each. This closely corresponds to the method of randomized temporal averaging in [15] . When the number of stages is small, as used here, the final result depends on the precise pattern of gates used, and so results were averaged over 16 different dephasing patterns.
The experimental results are shown in Fig. 4 . Each spectrum is obtained after applying a Hadamard gate to spin A with a two step phase cycle to reduce errors; individual multiplets were then cut out of spectra like that shown in Fig. 3 and rearranged into spin order. Antiphase signal on both spins m and n with a coupling J mn indicates that spins m and n were entangled; smaller peaks are due to remaining experimental errors.
A singlet state was initially prepared as shown in (a). The transfer of entanglement from spins A and B to spins A and D is clearly seen in (b), while dephasing suppresses this transfer as shown in (c). This suppression can be seen as a generalisation of the quantum Zeno effect in NMR [16] .
The phase shift on spin B in spectrum (c) arises from the zz component of the swap Hamiltonian which commutes with the dephasing process. The small additional peaks are due to experimental errors, and simulations suggest that these can be largely modelled by weak uniform depolarisation during the swap process. This apparent depolarisation arises from the accumulation of small errors in the U and V gates, which can be treated as random because of the way in which particular implementations of these gates are selected from a larger set.
Conclusions-We have illustrated, with our theoretical analysis and the experimental simulation, the relevance of non-commuting degrees of freedom in the physical system mediating an entangling gate between two spatially separated qubits. The capacity to generate entanglement can thus be used as an indirect witness of non-classicality in physical systems that need not obey quantum theory, such as a macroscopic system or the gravitational field [17] . Future applications of this general scheme will include exploring experimental schemes to witness non-classicality in bio-molecules, including living systems, which are notorious for being hard to manipulate directly, but can easily be accessed by quantum probes [18] .
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